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Cardinal interpolation by integer translates of shifted box splines M, ,:=

now
M,,(-+w) on the three-direction mesh is studied. Let A:=(—4 )~ {(s,1):
js — 1] < 1}. In a previous work by these authors it was shown that the symbol of M, ,
does not vanish on the torus 7" for all w in the shift region A. In this work, it is shown
that the symbol of M, , always vanishes somewhere on T?if we [ — 4, 1%\ 4. In other
words the cardinal interpolation operator corresponding to M, ,, we[—}5 373

22
n=12 ..1s invertible if and Ol"lly fweAd. € 1993 Academic Press. Inc.

1. INTRODUCTION AND RESULTS

Let ¢ be a piecewise continuous real-valued function with compact
support in R’, s> 1, and let

S(¢) :={ Y, a;9(- —j):ajelR}.
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The problem of cardinal interpolation from S(¢) is to study the existence
and uniqueness of a bounded “coefficient” sequence {a;} cR corre-
sponding to any given bounded “data” sequence {f;} =R, such that the

“spline” function 3 a;¢(- —j) from S(¢) agrees with {f;} on Z°; that is

Y adli—j)=f, ez (1.1)

jez?

This problem is said to be poised (or correct) if corresponding to any
bounded data sequence {f;} there exists a unique bounded coefficient
sequence {g;} such that (1.1) is satisfied. The discrete Fourier transform ¢
of ¢, defined by

dx)=Y di)e i,  xeR, (1.2)

jez*

plays a central role in the study of the above problem. (Note that § agrees
with the restriction on the torus T* of the symbol or z-transform 'y ¢(j)z
of @.) In fact, the problem of cardinal interpolation from S(¢) is poised if and
only if ¢ never vanishes (cf. [18, 7, 4]).

There have been a number of results on cardinal interpolation for the
case in which ¢ corresponds to the symbol of a univariate B-spline with
equally spaces knots. Recently, Jetter, Riemenschneider, and Sivakumar
[107 unified many results on univariate cardinal spline interpolation by
using some fundamental ideas of Schoenberg [ 13] concerning the spectrum
of shifted B-spline interpolation operators. However, the structure of the
symbols associated with multivariate box spline cardinal interpolation
operators is much less well developed.

In this paper, we restrict our attention to bivariate box splines on a
three-direction mesh. Let M, , , denote the centered box spline with direc-
tions (1,0), (0, 1), and (1, 1), each repeated » times (cf. [4, Chap. 2]). We
study the shifted box spline

Mn,m ::Mn.n‘n('+w) (13)
defined by
. - (sin(x, /2) sin(x5/2) sin((x, +x2)/2)>"
M, (x)=e"“* . (1.4)
B Sy s e
Here, x :=(x;, x,) and o is in the shift region /% :=[ —1, 17% Let
A=(—53n{(s0):|s—1] <3} (1.5)

In [8, 157, the following theorem was established.
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THEOREM 1.1. For each n=1,2, .., M, ,(x)#0 for all xe R* and w e A.

The main result in this paper is that if we I*\A, the symbol associated
with the translates of M, , always vanishes at some points in R2

THEOREM 1.2. Let wel? and neN. Then M, ,(x)#0 for all xeR* if
and only if we A.

This result, together with Theorem 1.1, specifies precisely the region of
invertibility for shifted box spline symbols. Thus we partially prove a
conjecture given in [12], where our Theorems 1.1 and 1.2 are conjectured
to hold even for different multiplicities of the three-direction vectors of the
box spline. For the statement of Theorem 1.1 this has been fully achieved
recently in [1].

An outline of Theorem 1.2 is given in Section 2. The proof of this
theorem naturally breaks into two parts, which are given in Theorem 2.1 as
parts (a) and (b). Necessary lemmas and the first part of Theorem 2.1 are
proved in Section 3. The second part of the theorem as well as the
anomalous case n=2 is derived in Sections 4 and 5.

2. OUTLINE OF THE PROOF

Let ¢ denote, as usual, the Fourier transform of 4. Then by an
application of the Poisson Summation Formula (cf. [17, p. 49]), we have

M, (x)=Y M, ,(x+2rj) (2.1)

e’

with M,,‘ . given in (1.4). Later we will find it convenient to represent
xeR? as x = 2n(u, v).

We wish to show that for shift parameters w e I*\4, the symbol M, . (x)
vanishes for some (u, v)e I, The set of shift parameters w is reduced by
applying the symmetries

Mn, 1(uA(x)=Mn, w(i_XAT)’ (22)

where A is taken from (§ 9), (9 "5, (1 o (6 D, (19 (0 D
{2, 15, 18]. In fact, if we let N, be the triangle

Nl I=C0nV((“%a 0)’(—-%’%)9(‘%5 %))’ (23)

it can be readily shown that

INAc| ) (£A(N)+2?),
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as shown in Fig. 1. Furthermore we limit ourselved to the triangle 4
(cf. Fig. 2) defined by

A:={{uv):l,<u<ivel0 1]} with /,=max{v, 3—v}. (24)

Instead of establishing that A1, (2ru, 2nv) =0 for some point (u, v) € 4,
we show that a related series vanishes on 4 which has the same zero
structure as M, ., namely

( yiA TR 17 n(l—-u—v))" .

i i : M, .(2nu, 2no
sin 7w sin 7o sin 7(u + v) n (27U, 2m0)

2r(j+u, k+v) w u " v " I—U—U )" 25
e <u+j) (v+k) <u+v+j+k - (29)

i keZ

Qﬂ, (U(u’ U) :=

Our approach is to follow along the lines given in [18]. Therefore we first
consider the function

glu,v) =g, (u,v;w):=ImQ, (4, v) (2.6)
on 4 for fixed we N,. The following properties of g on any horizontal fiber
1.:=[1,3]x {v} 2.7)

of A are the central part of the proof of our main theorem.

THEOREM 2.1. The function g defined in (2.6) satisfies the following
conditions.

(a) g, v)<0 for al 0<v<4and g(3,v)>0 for all 0<v< i
(b) At any interior (u, v)€ A, either 8g/6u>0 or 0’g/ou* > 0.

-0.5 -0.4 -0.3 -0.2 -0.1
Fig. 1. The shift region N,.
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0.25 05
Fi1G. 2. The angle region 4.

The above result is proved in Sections 3 and 4 for the case n>3 and in
Section 5 for n=2. As its conclusion we obtain, as in [18], the following.

THEOREM 2.2. There is a continuous path of zeros in A associated with
the family of functions g(-,v). More precisely, we find s:[0,1] -4
continuous with s(v)e I, and g(s(v))=0 for all 0 <v <4,

Proof. By property (b) in Theorem 2.1 the univariate function g(-, v), v
fixed, has no local maximum in (/,, 1). Taking into account the boundary
conditions in (a), some elementary considerations yield.

— There is at most one zero of g(-, v) in the open interval (/,, 3).
— There is at least one zero of g(-, v) in the closed interval [/,, 1].
— At any ue(/,, 3) we have g(u, v)= 0= (3g/0u)(u, v)>0.

Now let

(u, v), if u 1s an interior zero of g(-, v)
[, v), if there is no interior zero of g(-, v).

s(v) :=5, ,(v) :={

Obviously, g(s(v))=0 for all 0 <v <1 Furthermore, if v is given with
s(t)=(u,v) and u>/{,, then by the Implicit Function Theorem, s is
differentiable in a neighbourhood of v. Thus s consists of differentiable arcs
whose endpoints have the form (/,, v,), (/,,, v;). The above definition of s
extends these arcs along the boundary of A4 to a continuous path in 4. §

The proof of Theorem 1.2 will be completed when we show that the
function Re Q, ., we N, vanishes somewhere along the path s given
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above. Since we clearly have s(0) = (3, 0) and s(3) = (4, 3), this is done by
establishing

ReQ,.(30)20 and ReQ, (3 3)<0 (2.8)

for all we N,. Here, the symmetry in (2.2) with A=("! 9) and the
periodicity of ]VI,,, . prove helpful, since

n w(n TC) - n w((n O) A )" n, (uA(na 0) = _Mn, wA—(l,O)(na 0)
Also, since A(N|)— (1, 0)= Ny, it is sufficient to prove the first inequality

in (2.8} for all shift parameters in N, U N,.

THEOREM 2.3. Let n=2. Then
Re M, ,(n,0)=0  forall weN,uNq.

Proof. We prove the inequality for = (g, f) in the strip —3<a <3
Since M, , .((%,0)+2n(j, k))=0 if keZ\{0}, relations (1.4) and (2.1)
give

Re M, ,(n,0)=Re Y ™¥*Vpf  ((2/+ 1), 0)

ieZ

2n
:(%\ Y (2j+1) " cos(2j+ 1) o

;o jez

2 " oo
=2<) Z (2/4+1)"*cos(2j+ 1) na.

Applying the inequality [cos(2j+ 1) ma| <|2j+ 1| cos mor (see Lemma 3.1
below), we see that the last series is bounded from below by
cosmx( Y @2+1)" 3>>O94cosn:oc>0
J

=1

This completes the proof of the theorem. |

3. PROOF OF MAIN RESULT—PART I

We assume # =3 throughout this section. The case n=1 was given in
[187] and the case n =2 is considered separately in Section 5. In this section
we wish to establish part (b) of Theorem 2.1,
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We let w=(a, f)e N, denote the shift parameter and we introduce the
following notation, which will help to simplify numerous expressions. Thus
we set

v
R, (u, v) '_ma S (u, v) -=m,
(3.1)
T A ) im 1—~u—v R A U)._l—u
STh R U6 U=TTTR
Furthermore, we define
G, (1, v; 0, B) 1= 2m(a(u + k) + B(v + 1)), 32)
Wi (2, BY :=2n((k + 1)+ IB).
These angles are related via
b 1=0_ 1ot Wi (3.3)

As is done in (3.3), we often drop the arguments of the terms. Setting
a, (u, v; 2, f) :=sin gy (R'S"T") (3.4)

we can represent the function g in (2.6) as

glu,v;0, )=y a, (3.5)

k. leZ

For later reference we give the following partial derivates of a, , in all
points (u, v) interior to 4. By (3.3) they can be represented in the form

é . .
" A, =(R"S"T"), , {sing , o[ —2nasiny, ,+ D} cos y, ;]

+cos ¢y o[ 2macosy, ,+ D7 siny, 1}, (3.6)

and
é? .
W a, ;=(R"S"T"), , {sin ¢y ol —4na D‘kl.l.'l sin Y, ,
+(EP 4+ F— G — (2mna)?) cos 1 +cosd g

x [4mz Dy cos Y, + (EY+ Fiy = Gy — (2n00)?) sin . 1)
(3.7)
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where

Dim nk B nlk+{+1)

U wu+ k) (l—u—v)u+v+k+1)

_n(n—1) k* = 2nku

h w(u+k)? ’

n(n=D)(k+14+1)* 4+ 2n(k+14+ 1)1 —u—v)

L (1—u—vY (u+v+k+1)>
kk+1+1)

uu+ k)l —u—v)u+v+k+1)

’

s

(ny _
Gk, 1

We wish to stress that all fractions in the above definitions are nonnegative
for all possible parameter values. This fact is used in the proofs of
Theorem 3.2 and Lemma 3.5.

The following lemma gives some auxiliary inequalities which appear in
several places in this and the following section. Parts of it were already
mentioned in [15].

LemMa 3.1. (a) For any integer k #0 the function u/(u+ k) is strictly
increasing, and (1 —u)/(u+ k) is strictly decreasing for 0 <u < 1.

(b) Given ne N, the functions
S,y z)i=(1—=x)7"(1=p)7"" (I —2) "2 (1+x)""(1+p) " (1 +2)7"

are strictly increasing in each variable x, y, z in [0, 1).
(c) Forany xeRandkelZ,

[sin kx| < |k sin x|, |cos(2k + 1) x| < |2k + 1] |cos x|.
(d) For any xe(—mn/2, n/2),
[sin £x| < | sin x| Jor gl =1,
|tan ex| < |e tan x| for |e|l <1,
(e) Forall y,ecR and e¢ nZ,

1

sin &|

|sin 7 + cot & cos y| < |cos y + cot & sin y| <

|sin g|’

Proof. Parts (a) and (b) and the first inequality in (c¢) appear in [15].
The second inequality in (c) follows from the first one and the relation
cos(2k + 1) x=sin((2k+ 1) x + n/2) = +sin((2k + 1 )(x + n/2)). Part (d) is
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a consequence of the fact that sin x is concave and tan x is convex on
[0, n/2). Part (e) follows from the addition laws of sine and cosine. ||

Now we prove Theorem 2.1(b) by showing that the function

f(ll, D, &, ﬁ)::‘g(u’ v; &, .B)_ao,o(% U;O!,ﬁ) (38)

for a fixed shift parameter {«, ) is monotone increasing and convex on
each fiber I,, and that the single term a,, as a function of (u, v)je4
satisfies the inequalities (8/0u) ay >0 or (8°/0u?) ag o> 0.

THEOREM 3.2.  Assume that (a, B)e N, is fixed. Then for all n 23 and any
(u, v) interior to A, the function f in (3.8) has the properties (¢/éu) f 20 and
(2*/du?) f 2 0.

For the proof of Theorem 3.2, the following three lemmas are important.
They give bounds for those terms in (3.6), (3.7) which depend only on u
and v.

LEMMA 3.3. The following estimates hold for (u,v)ed, n,veN, and
(k, ) e Z\{(0, 0)}:

IannTn“J
3oL
k#£0, k+1#£0
(% 1+ 2] for kA0, k+iz
<< SEI L for k=0, 1#£0 (3.9)
< N or =Y, ’ .
1+4l [172
o for k#0, k+1=0
—_ | or , =0.
\|1+2k| |1—2k}"

Proof. Note that by Lemma 3.1(a) the terms lﬁk‘ J and [T, | in (3.1)
are decreasing in w (resp. u + v), while |S, | is increasing in v. So the first
inequality follows from the inequalities «>3, u+v>3, 0<v<3. Since
v < u, the second and third inequalities are conclusions of

l—u v | |1-u 11—y
. < k=0),
u v+l u u+l u+l| ( )
l—u v 1—u u (1 —u) 1
u+k v—k| |u+k u+k] VkP—u? C|4k2-1] (ke + - B
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LEMMA 34. For all n=3 and (k,1)e Z*\{(0,0)} the inequalities
(l) ‘D(H)RMSMT""‘J

16k 4(k+1+1)
4k +1 2k+2+1|

4lk+1+1]
Qk+21+1+8,,,.1)

<n max{ 1R"S"T"|k,,,

5 |RnsnTn—l|k’ 1}7

2(1 —u)? ~
iy " i pmresT,,
9 k| ((n—T1) |kl + S84} &
< ngnn
&1 1) [R'S"T 15
2 1_ 2 -
(1") u ( u) IFlniRnsnTn'kJ
n
k+1+1 — D) k+I+1+d_,_,_ 1), & 5
<f + | ((n ) | ~+ |+4 k—1 I)IR"S"T"H‘I;(‘,,
Rk+2141+0, . 141)
2 1_ 2 -
(IV) l_‘_(_n___liIG(n)RnSnTnlkJ

6n ki |k+1+1]| < _
< - 5 RnsnTn 1
|4k+1|(2k+21+1+ok+,+1)~] e

hold. Here 6,=1, if v<0, and =0 otherwise. Furthermore the right-hand
side in these inequalities has maximal value for n=3, if (k,1)+#(0,0),
(_1’0)a (0» _1)

Proof.  Since both fractions in the definition of D{"} arc nonnegative, we
have

n nlk+1+1)
PN T, | < - T |,
1D T max{('?ﬁ"mwk) T.IP(I—u—v)(u+v+k+1)>| wd

o ANk (1 —u—) }
u, v (U+U+k+l)2 u, v u|u+k| ‘u+U+k+l‘ '

Using the bounds on u, v, u+v as before leads directly to inequality (i).
Analogous arguments are used for (ii) and (iii). That the maximal value in
all three inequalities is attained for n =3 is seen by the fact that

n ~
;1__—1-iRST|k‘[<1
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fo~r n=3 and all (k, /) (0,0), (—1,0), (0, —1). Here, we used the bound
|RST|, ,< 3%, which is an immediate consequence of Lemma 3.3. |

Using the above inequalities, we also find the following numerical

bounds

LemMa 3.5. Let Y denote summation over Z°\{(0, 0), (—1,0), (0, —1)}.
It follows that for all n=23

SRS T, ,<0.15,

Z' ID'"]E"S"T"';(_IS 1.7,

and

' 0B 0.62
Y Imax{E" + F"™, G™ + (2z2)*} - R'S"T", | < '(—lf—)
u(l—u)

Furthermore, the following bounds for the angle ¢ _, (i, v; 2, ), where
(u,v)e 4 and (2, f)e N,, are essential to the proof of Theorem 3.2:

¢ o=2n((1 —u) x| +vp)

{Zn || = /4,

Also note that ¢, _,=2n(a—fl)e[—4n/3, —n] for all (%, f}e N,, and
hence

sinyr, 20, cos iy _; <0. (3.11)

Proof of Theorem 3.2. We first wish to establish that &f/¢u>0. From
(3.6) we obtain the special representations

¢ u \" . n
e =) S‘“"’"~°[u(1_u)+w]*

=LC0-L0

’3‘ ] n
—(/—a0 ,,=< ‘ ) sin g _, o[ —2na sin 2n(a — )
6” ' | R ’ R

=:by, .1

+coté - 2macos 2n(x—fi)].

=L
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We show that the term

1 —u

(—’i— Sing_ | o—m—>12 ”>sin-,,,~0>0 (n=3)  (3.12)
Cu(l —u) 1 —u

which appears in ¢a_, /¢u dominates the entire series df/du. First we
obtain by (3.10) that

I/sing 1.o<y/2 (3.13)
Thus from (3.6) and Lemma 3.1(e) we can conclude that
1 — u "
u

Now the bounds in Lemma 3.5 give

day

S SIR'ST | sing o V2 @ulal + 1D (3.14)

Z’ 60/{, !

1

<<—i,;> Sing o203 2l +17). (315

Cu

In the case ¢ | (e [n/4, n/2], we further observe that 0 <cot¢_, (<1 and
bo. . +¢o, ;=0 due to (3.11). On the other hand, if ¢ _| € [n/2, 3n/4],
we have —t<cotg , ,<0and h, =0aswellasc_,,+c¢, .120.So
in both cases we get from (3.12) and (3.15) the lower bound

,". "
g@(n - u) sing 012 =27 2] = /2 (03 [a] +1.7)) 2 0.
i/ -

We now turn to the proof of the inequality 8°//éu” = 0. From (3.7), we get
the special representations

o* u \" . n{n— 1)+ 2nu
T34 |,0:< ) sin ¢ l.o(”’_—‘““—““(zmx)2

ou’ 1—u Wl —u)? —=L
=:d 10

+ cot 6 dnon
co . ,
f‘U u(l —u)
::;’ Lo

cu I—v ——
=!dg

62 v n
~5dy 1= (~—> sin ¢ _ 1_0(\—(27&%)2 cos 2n(x— f)

—cot¢_ ,‘0(27{0522 sin 2x(x — B))

=1e0.--1
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The dominant term for 8%/du’ is shown to be

u \" . n
(1__u> sm¢_‘l‘o-m-(n—l+2u)>0, (3.16)

which again stems from the term a_, ,. To prove this we proceed as above
and obtain from (3.7), (3.13), and Lemma 3.1.(¢)

(1 —u\”
u
The bounds in Lemma 3.5 give

" 0.62
S l (——_—;) sin ¢|‘0-ﬁ(6.8nla|+;2(—]j’%—)5>.

Under the general assumptions §<w <3, |a| <3, and n> 3, we have

2
6 ak, I
ou?

< Iﬁ"S"T"Ik,/Sin $_ 10

2(4n || IDY) + max{E)+ F{, G+ (2na)?}).

@ak,

0? ak ; u \" . \/En (1.77r o] )
|7 — . 3 5 0.62
Z ’ ( —u) sin ¢ l'ou“(l—u)“x 12 *
u \" n
<12 me_, n———3. 17
(1—u> sin ¢ I‘Ouz(l—u)z (3.17)

We further note that the positive term d, _, >0 can be ignored for
finding a lower bound of the series. In order to include the possibly
negative terms d_, 4, € _, , and ¢, _, we again consider two cases. First,
if ¢_,o€(n/4,n/2], then (3.10} gives O0<cot¢_, (<cotm|al, and this
results in

nloe|cotd | (<mja|cotn|af <n/d

since the function z cot z is strictly decreasing in [n/4, n/2]. Hence, in this
case we can bound the remaining three terms by

(na)? T

w1 —u)? 7
—-——(|d_1,o|+|e1,0|+|e0_“,|)<-12—+z(1+B)<1.z, (3.18)

5o that combining (3.17), (3.18), and
n—142uz=25, (3.19)

we have shown that (3.16) dominates the series °/70u’.
In the second case, where ¢ | (€ (n/2, 3n/4], we can ignore the positive
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terms dy _,, € o, and ¢, _, for finding a lower bound of the series.
Hence, the desired result is contained in (3.17), (3.18), and (3.19).
This completes the proof of Theorem 3.2. ||

One can conclude from Theorem 3.2 that the term ag o(w, v; 2, f)
controls both the monotonicity and the convexity of the entire series

glu, vyot, B)= flu, v; 0, B)+ ao olu, v; 2, B).

We proceed next to investigate the monotonicity and convexity proper-
ties of the 4o, term. We wish to show that either (&/Cu)a,, or
(@*eut) a, o is strictly positive for (u, v) interior to 4 and any shift
a, f€ N,. To this end, recall that by (3.4)

. l—u—v\" .
ap.0=Tg o8N g o= (——u—+—v-> sin 2n(au + Bv).

The first second derivatives are respectively

é .

ou ao,0= T4 o(272 COS ¢ o + D{)'_'(') sin @y o),

62

Eo ag, 0= T4 o(4nx D:)% oS ¢ o+ (FB'.’% — (272)*) sin Po.0)-

”

The terms sin @, o and D{"}, are negative, while T ,, cos ¢, o, and F{"} are
positive. Hence, the {ollowing string of implications proves the desired
properties of ag o:

n

c
TT A0S 0
cu

R
i = | D, sin <2
:>(1 Cu—)u+to) Isin @, of = [Dg'o 8in Pg o <27 || cOs ¢ o
n—1+2(1—u—v) F{y

[sin ¢ ol = Isin $o,ol <271 |a] cOs @y

=
(1 —u—v){u+v) (D&
= (F{'y — (2n2)?) Isin @y ol < 4n |a] | DG cos oo

2
:>~——0u2 g o >0

Note that the strict inequality in the third line implications is justified by
the strict positivity of the terms on the right-hand side. (The case
cos ¢y, =0 is excluded by the inequality in the first line.} Thus, the proof
of Theorem 2.1(b) is complete.
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4. THE BouNDARY CASES

In this section we give a proof of Theorem 2.1(a). We adopt the
notations from Section 3. Hence, keeping the shift parameter (a, 8)e N,
fixed (c.f(2.3) for the definition of N,) we wish to show that the function
g in (2.6) has the properties

g(3,v)>0  forall O<v<i, (4.1)
gi—v,0)<0 forall 0<v<d, (4.2)
glv,v)<0  forall i<v<i. (4.3)

In the present considerations the series representation (3.5) of g is used.
We generally assume 7> 2 in the proofs of (4.1) and (4.3), while series
representation (3.5) only allows us to prove (4.2) in the case n>3. The
missing part, n= 2, is considered in Section 5.
The general trigonometric identity

Asmy+Bsm£—(A+B)sm’/——2'_-—cos’—;E
+{(A—-B) cos—f—iz_—sm ?;8 (4.4)

which holds for all A4, B, 7, e€ R, is useful for combining terms in the series
(3.5).
We now turn to the proof of the first boundary condition.

Proof of (4.1)

Case 1a. We first restrict our attention to (u, v)=(3, v) with 0<v <}
The monotonicity of the terms R,,, Sy, and T, in (3.1), which is described
in Lemma 3.1(a), yields for all k£, /e Z with {#£0

1I—o"|  1-20 |
v+ 1) |1+ 2042k +21

ak,(%,v;a,ﬁ)l lsm¢ul< v ) 2k 4+ 1)

s(l—é—) 2k + 1) |1 " 2k +2+1] " (4.5)

Summation of these terms for n > 2 gives the bound

y lak,l<27(l L) <27(

1#0

2
) , (4.6)

1—v

which is independent of the shift parameters.

640:74:2-2
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Furthermore, by use of the identities

(Br,0t @ _i_1,0)=2n0B,
(¢ ¢---k71,0)=(2k+1)7f°5,

and (4.4), we can combine the terms

(T[S T

ot a_ix_10=bi+c

with

b =[(R"S"T"Y _4_ 1 o+ (R"S"T")i o] sin 27mvf cos(2k + 1) ma, @7

o= —[(R'S"T") _4 10— (R'S"T"), o] cos 2mvf sin(2k + 1) ma. '

Obviously we have
Y o o= Z (by + i), (4.8)
keZ =

where with the abbreviation X(v) := (1 —2v)/(1 + 2v)

bo=[1+ X"(v)] sin 2rvf cos o = 0,
° (49)

o= —[1=X"(v)] cos 2nvf sin mx > /6/4(1 — X"(v)] =0
Now for the leading terms in (4.7) using Lemma 3.1(b) we find that
IL(R™S"T™) 410 (R"S"T"), o] <12k +1] 7 [1 £ X"(v)].

With Lemma 3.1(c), summation over £ >0 gives

ac

=co— Y lad=Zeo— Y k+1)"* 142094, (4.10)

0 k= k=1

i P8

k
For the numerical constant 0.94 we assume n > 2, thus

o

Y o2k+ 1) Iy (2k+1) 7 <006 (4.11)
k=

k=1

By the same string of inequalities, the inequality ¥, b, >0.94b; is
established. Now the positivity of the complete series g(3, v) follows from
the fact that the expression in (4.10) dominates {4.6). This is seen by

0024(1—/\’2(0))=2 6 v(1+20) >2\/<1_v>




CARDINAL INTERPOLATION 139

a< —4,0<B<t and O<vgi.

which respects our general bounds —4
1
V% g

<
Thus we have proved (4.1) for all 0 <v <

Case 1b. The remaining part, <v<14, is related to Case la by the
following symmetries. Let m:= —k—/—1 and e¢:=1—v with O<e<l
Then it is easily checked that

(RST),., (5, 0)=(RST )y (3, &),
Gi (3 V8 BY = (3, &2 — B, —B).
This gives
Y a v =Y a5 860-6, —p)

k. leZ k.meZ

The sum of all terms in the latter series with m # 0 is bounded in absolute
value by 2.7(¢/(1 —¢))" as in (4.6). Furihermore, note that for m=0 we
have (ax o+ a_x_y )3, 60— B, —f)=b, + & with

ho= —[1+ X"(£)] sin 2neB cos n(a— §) =0,
Fo=—[1—X"(g)] cos 2nefsinm(x — B)=2[1 — X"(e)] =0;

cf. (4.9). Thus the argument used in Case 1a applies to prove (4.1) for all
i<v<iandnz2 |

Proof of (4.2)

Here we assume n > 3 and split the proof into two different parts.

Case 2a. Let 0<v<§and u=3—v Our procedure is similar to that in
Case la. For revealing the symmetries we again let m:= —k —/— 1. Then
by simple algebraic operations

(RST)i (5—0,0)=(RST),, (3, V),
¢k‘l(%_ v, v d, ﬁ)=¢m,l(%’ v, —4a, ﬂ—a)

Now the series (3.5) is transformed to

Z ”k.I(%—Ual>§aaﬁ)= Z a,,,_,(%,v;——cx,[f—a).

k. leZ milelZ

The sum of all terms with /#0 is again bounded in absolute value by



140 CHUI, STOCKLER, AND WARD

2.7(v/(1 —v))* (cf (4 6)) For terms with /=0 we proceed by combining
(@ o+ a_pm_10) —o, f—a)=>b}+ck as in (4.8) with

=[1+4+ X"(v)] sin 2nv(f — o) cos nx =0,

(4.12)
cF=[1—X"(v)] cos 2nv(f —a)sin na < ——\{—6 [1-X"(v)]<0.

Similar to (4.10), ie., by use of (4.11), we obtain that

Y cx<09ck Y bx<1.06b%

mz0 mz=0

In order to prove that g(3 —v, v) <0 for all 0 < v < §, it therefore suffices to
show that

27 (1 ) + 1.06bF <0.94 |c¥|.

Since n > 3, we have the relation
L= X"(0) =1 — X3 () = d0(3 + 40 )(1 + 20) %,
and since v <y, it follows that

1— X"(2) = 50(2 + 240>)(1 +20) ~* = Su(1 + X () = 5v(1 + X"(v)),

s V3 . {4.13)
l—X"(u)>263<—> >263( )
1—-v 1—v
Hence, we arrive at the bound
v \" 27
2.7< > <——-—| ¥ <0018 jcXl. (4.14)
1—v 263 \/_ €0 ¢
Furthermore, from Lemma 3.1(d) and 0 < 8 < |a|, we conclude that
<tan 2nv(f —a) cot 7 |a <i tan 4nv o 4
h Sv TS dvtann o 5
and this, together with (4.13), gives
1.06bF <0.848 [cf|. (4.15)

Combining (4.14) and (4.15) shows the desired result.
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Case2b. Here j<v<iandu=131—v. Welete:=3—ve[0, 1] and wish
to prove that the single term

ao,ozao.o(%‘*‘ﬁ’%—& a, B)=sin ¢, o <0 (4.16)

dominates the series (3.5). Here, we have

doo==(0+B)+2re(x— p)e [ —37/8,0]. (4.17)

i
2

To this end we need a modfied version of the trigonometric inequalities of
Lemma 3.1(c), namely; for any me Z,

sin G 2m + 1)+ ) + 2me(x — ﬁ))'

< 12m+ 1] Isin @ ol,

cos (

< |2m+ 1| cos (g(fx+ﬁ)—2ns(a—ﬁ)>.

(4.18)

R

2m+ 1)(a+ﬁ)+2n8(a—ﬁ))l

These inequalities follow immediately from Lemma 3.1(c) by expanding the
left-hand side in (4.18) with the addition law. Now, we obtain from (4.18)
and Lemma 3.1(a) that for all ke Z\{0}

[sin ¢k,k| =

sin G (8k + 1)(ot + ) + 2me(x — ﬂ))‘ < |4k + 1 [sin oo,

n

1he2
L—16e <[4+ 1]

RAS"T™ = |4k 1"
, S 'k.k ‘ + I (4k+1)2—16£2

This gives, by using (4.11) and » > 3, a bound on the first part of the series

Z |ak,kl< Z |4k+1|'3n+1 lao,0|= Z |2k‘|'1|73"+1 |ao,0|

k#0 k0 k>0

<0.06 |ag, ol (4.19)

For k > ! we combine the terms

ak‘/+a,'k—_—bk.[+ck‘/, k>[,
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as in indentity (4.4). Hence, with

—(¢k1+¢1k = 2k+2l+l)(a+ﬁ)+2n£(a—ﬁ),

NI:!

Wi 1= 10) = nlk — D)@ —B),
we have
b= [(R"S"T™), |+ (R"S"T"), ]
x sin (72—[(2k+2!+ D@+ B)+ 27te(oz—/f)> cos n(k — I)(a — B),
¢ = L(R"S"T"), ,— (R"S"T™), ]
X COS (g (2K + 21+ 1) (o + B) + 2me(o — ﬁ)) sin n(k — /)(a — f).
(4.20)

A bound on the series Zb, ]bk /| is obtained from the inequality {4.18) and
Lemma 3.1(a) with u <3, v <], namely,

Z IR Z |R"S"T"|, 112k + 21+ 1] |ag |

k>1 k#1

<2

218k +3
<027 |ag,ol- (4.21)

12k + 2041 7" ag of

The numerical constant 0.27 is found assuming that n> 3. The sum over
the terms ¢, , in (4.20) will be bounded by a multiple of

. _ <1+4£ ”_(l—4e ”
o1 3—4¢ 3+4¢
= =z

xcos( (x+ B)—2ne( rx—B))smna £)=0. (4.22)

From Lemma 3.1(b) and the observation

(1+x)"(1+ )" (1 -x)""(1=y)7
SA=Ix)™" (A =[yD" "2 +Ix]) " (T+]p) 7"
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which holds for all ~1<x, y< +1, we conclude that for k #/
[(4k+1+4e) " (4l+1—4g) "—(dk+1—4de) " (4l +1 +4¢)™ "
<34k + 17" |4+
x ((3—4e) " (1—4g) " — (3 +4e) " (1 +4e)~").
This and (4.18) give, for all k>,
lee N S (k=1 12k +20+ 17" 3" |4k + 1] 7" |4+ 1] "co _y,s

and summation over all k >/ leads to

Y lewd €lleg . (4.23)

k>
Finally, we need to find a bound on ¢, _, in terms of |a, o|. First observe

that ¢, _, decreases in n. This fact is based on the relations 0 < Z < Y and
Y+ Z <1 in (422), because then

Yn_zn>(Y+Z)(Yn_Zn)=Yn+]_zn+l+ YZ(ynf!_Zn—l)'
\"\N

=20

By expanding terms we thus obtain for all n >3
Y'-Z"< Y -Z°< 18

Furthermore, for all shift parameters («, ) e N, the term |sin 2ne(a — B)/

sin w(a — B)| is minimal for a — § = —3; thus, by (4.17) it follows that

S sir.l 2ne(a — f)|
sin n(x — f8) |

sin ¢g o
sin (ax — B)

> sin 7ne.

Since the sine function is concave on [0, #/8] we also have
. .
sin me > 8¢ sin §> 3e.
This gives
i - 1.8
w, <18 e
sin @y o 3e

Collecting all terms in (4.19), (4.21), and (4.23), we obtain

Z ay g

(k. 1)#(0,0)

<(r'-2°)

<(0.06 +0.27 +0.66) |ag of = 0.99 |aq,o|-

Hence the total series g has the same sign as the single term a, o which was
proved to be negative in (4.16). This completes the proof of (4.2). |
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Proof of (43). Here u=vel},5]. Since (RST), ,(v,v)=(RST),
(v, v), we obtain as a special case of identity (4.4)

a ta; . =b, k>1,
with
by 1 =2(R'S"T") ,sin n(k + 1+ 2v)(a + B)
x cos (k — Y (x— B), k>1, (4.24)

In particular, we have

bo 1= _2<1 iv)n sin 7(1 — 2v)(a + f) cos n(x — B) <0,

and this term dominates 3, ;.4 10 see this, note that by
Lemma 3.1(a), (c), and (d), we have for odd values of k —/,

b k+1+2 "
a2 (28 s
o, 11 lar

] n
<kl 2kt 2+ 1] ( - ) RS

Using the monotonicity in Lemma 3.1(a) and the inequality <ov <3 the
bound

l‘v n
( - > [R"S"| .1 (v, v)

(2K +1] " it |i> [k,

n

_‘ v(l —v) 47+ 1

Tk + ) +0)

n

20+ 117"

yye if [ <k

is established. With #> 2 we therefore find

b
Y g ¥ bk,,<b0‘1<1— Y Pedi)<op, <0 (429)
k —1odd k;/)o[dd k[;[>01dd| 0, —1

In order to prove that the remaining series

Z ak,l:Zak,k‘l' Z b, (4.26)

k — leven ke2 k — leven
k>
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is negative, we proceed by combining terms in the series. According to
identity (4.4), we have

G+ a_ o 1=Ch i,
b +b_ s i 1=2ch +di ) k>,
with
Cri=—0, L(R"S"T") ,+ (R"S"T") _,_ _x_1]
xsin (1 —=2v)(x+ B)cosm(k + 1+ 1)(x+ p),
de =0, [(R'S"T"), ,— (R*S"T™"Y_1_y, 1]
x cos (1 —2v) (o + B) sin m(k + 7+ 1)(oc + f)

and g, ,=cos n(k — /)(a — B). The series (4.26) is thus transformed into

Y a = Z (chw+di i)+ Z 2(ep +di ) (427)
k — leven kz0 k>l77<[>e‘frll—l

With W, :=[1+(—1)"(v/(1 —v))*"] special values for k =1=0 are

1_2‘ n
Coo=—W. (——21) sin (1 — 20)(a + ) cos n(x + ) >0,

1-2v

d0_0=W,( )"cosn(l—2v)(a+ﬁ)sinn(a+ﬂ)<0.

v

In order to show that (4.27) is dominated by d, o, and thus negative, we
need the relation

tan n(1 — 2uv)(x + B)| (1 — o) 4™
tanm(x+pf) | (1—v)"—o>

(l—v)6+v6< 3641

(1—0)®—v°® " 2(3°—1)

€o.0

=
do. o

<(1-20) <0.51. (4.28)

In this string of inequalities we use Lemma 3.1(d) and the fact that the first
term in the second line is maximal for v =}.
Now, letting ¢ :=—wve [0, {] we obtain from Lemma 3.1(b)

RS T"), £ (R"S"T™) ;1w Al

1_2 n
gwt( = U) 12k 4+ 1" 120417 |k +1+1] "
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Thus in conjuction with Lemma 3.1(c) (note that k+/+ 1 1s odd) we find

ler < 12k+ 117" 121+ 17" lk+ 1+ 1] 7" e g,
|de d <12+ 17" 204+ 17"k +1+ 17" dg ol

Summation as in (4.27) now gives for all n =2

Z [k 4l + Z 2 er, 1 £0.3¢q o,

k>0 k —leven

k>lk>—1—-1
Z ld, o + Z 21d, 1 <03 |dy ol
k>0 k — [ even

k>l k>—1—-1

Finally, from (4.27), (4.28), and the last inequalities, we obtain

Y a4 <0.7dy o+ 1.3¢0,0< do o(0.7—1.3-0.51) <0.

k —leven

This completes the proof of (4.3). |}

5. THE CASE n=2

In Section 4 we completed the proof of Theorem 2.1 for the case n>3.
The case M, , , was already handled by Stdckler in [18], so there remains
only the case n=2. For n=2, parts (4.1) and (4.3) of the boundary asser-
tions for the function g in (2.6) were already proved in Section4. For a
proof of relation (4.2) and the property of g given in Theorem 2.1(b) we
necessarily forsake the series approach since many of our estimates fail for
n=2 and instead rely on the “low order” approach of Stéckler [18].

We perform the same steps as those used for the noncorrectness proof of
cardinal interpolation by verifying Theorem 2.1(a) and (b) when ¢ = ¢, ;=
M, , ;(- + ). Instead of using shift parameters w =(x, f)e N, (cf. (2.3)),
we work here with w in the larger triangle

1 11 11
T, :=conv ((—5, 0),(—5,5_),(—2, Z)), (5.1)

which is one half of the triangle T; cf. Fig. 3. Since noncorrectness for all
shift parameters w on the boundary lines of T was observed in [15, 18] we
restrict all subsequent work to the intersection of 7', with the interior of T,
thus to

Ki={(x B): —4<a<— - la < f<lal}. (5.2)
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0.5

a+3=0

08

FiG. 3. The triangle T and the Bézier coefficients.

Instead of using the Poisson summation formula, we work with the exact
representation of the symbol

@, plu, v) = My oo~k f—1) e2mitkurt (5.3)
B .2,

k,leZ

using the Bézier form of the polynomial pieces of M, , ,. Let us first settle
on the notations. The Bézier form of a polynomial p of degree 4 with
respect to the traingle T is given by

p(x, y) = Z Cros.tPr s, r(x’ ,V)’ (xa y)e Rz’
O<r+s+r<4
where
= & 1-2y) (2 2 1)° (14 2x)°
pr,s_,(x,})—r!s! z!( —2p) 2y—2x—1)° (1 + 2x)

are the Bézier basis polynomials related to T. By arranging the coefficients
¢, ., according to the numeration given in Fig. 3 we then write

p~ (Cl’ CZ, ey CIS)'
Some basic properties of the basis polynomials show that

p >0 in the interior of 7,
if e, z0o0f all 1 k<15 and ¢, >0 for at least one &, (5.4)
220 in X with equality if and only if a + =0,

fes pe=—cs <00 =—cp;, <O(0<k<4,0</L2),
¢,5=0, and ¢, >0 for at least one ke {1,2,3,4,10, 11}. (5.5)
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Table I, which gives the Bézier representation for the polynomial pieces
of 384M, , ,(x—k, f—1) used in (5.3), where (o, f)e T is assumed, is the
basis for our proof. It can be computed by using the recursive algorithm in
[4] and the subdivision scheme [9].

TABLE I
The Bézier Coefficients of M, , (2 —k, f—1) with (o, f)e T

k, ! < 2 €3 C4 €5 g O3 Cg €y Ty € €2 €3 G Ogs
g, —1 6 1 0 0 0 0 0 1 2 5 1 0 1 3 4
-1, —1 52 34 20 1t 6 7 8 7 6 34 22 13 13 11 20
-2, —1 6 5 4 3 2 1 0 0 0 1 1 1 0 0 0
1, 0 2 1 0 0 0 0 0 1 6 3 1 0 1 5 4
0, 0 126 113 92 70 52 70 92 113 126 139 119 94 119 139 144
-1, 0 126 139 144 139 126 113 92 70 52 113 119 {19 94 70 92
-2, 0 2 3 4 5 6 1 0 0 0 1 1 1 0 0 0
1, 1 6 7 8 7 6 11 20 34 52 11 13 13 22 34 20
0, 1 52 70 92 113 126 139 144 139 126 70 94 119 119 113 92
-1, 1 6 11 20 34 52 34 20 11 6 7 13 22 13 7 8
1, 2 0 0 0 1 2 3 4 5 6 0 0 1 1 1 0
0, 2 0 0 0 1 6 5 4 3 2 0 0 i 1 1 0

We start by proving the boundary assertion (4.2) for the function
hu, v; 2, f) =384 Im J,‘ qlu, v), (o, B)e K, (u,v)ed, (5.6)

which has the same sign structure as that of g in (2.6). This completes the
proof of part (a) of Theorem 2.1. In order to prove (4.2) we let u=3—1v
and 0 <v and 0<v < §. Then we obtain from Table I

hi—v,0)=384 Y (—1)* M, (x—k B—1I)sin2a(/—k)v

k. leZ

= —q,(2, f§) sin 2mv — g,(x, f) sin 4nv,
where

q,~(72,64,48,24, 0, —24, —48, —64, —72,44,24, 0, —24, —44,0),
q.~( 4, 816,28,40, 28, 16, 8, 4, 6,12,20, 12, 6,8)

By (5.4), (5.5) we know that ¢, is positive on the subtriangle T, and
vanishes for a+ =0, while ¢, >0 on 7. This shows #(3—v,v) <0 with
equality if and only if v=0, or v=1 and a+f=0. Thus (4.2) is also
confirmed in case n=2.
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The last step in our proof is to confirm Theorem 2.1(b) for n=2 and for
the function 4 in (5.6). Using Table | we find that

(2n)"'@%ﬂ=384 Y kM, o(x—k, p—1)cos 2n(ku + Iv)
u

k. leZ

= —35, COS 21tu — 5, cO8 4nu — 54 cOs 27(u + v)
— 84 €08 2m(u — v) — 55 cos 2n(2u+v)
+ 5¢ €08 2n(u + 2v), (5.7)

where

s, ~ (124,138, 144,139, 126, 113, 92, 69, 46,110,118, 119, 93, 65, 88),
so~( 4, 6, 8 10,12, 2, 0, 0 0 2 2 2 0 0 0)
sy~ ( 46, 27, 12, 4, 0, —4, —12, =27, —46, 23, 9, 0, —9, —23, 0),
se~( 6, 11, 20, 34, 52, 34, 20, 11, 6 7, 13, 22, 13, 7, 8),
ss~( 12,10, 8 6, 4, 2 0 0 0 2 2 2 0 0 0)
se~( 0, 0, 0, 1, 2, 3, 4 S5 6 0 0 1, 1, 1, 0)

Expanding terms in (5.7) using the trigonometric addition laws we obtain

Sh(u, v

3 )= —cos 2nu - A(a, )+ sin 2nu - B(w, B)
U

(2m) !

with
Ala, B)y=s5, + 55 €08 2nu + (53 + $4) COS2MV + 55 COS 2m(u + 1) — 54 COS 470,
B(a, Y= s, sin 211 + (5 — §,) sin 2nv + 55 sin 2n(u + v) — $4 sin 47v.

For the second partial derivative we similarly compute

_, 0%h(u, v)
ou?

(2m)

=g, sin 27mu + 25, sin 4nu + 55 sin 2n(u+v)

+ 54 8in 2n(u—v)
+ 255 8in 2n(2u + v) — 54 sin 2n(u + 2v)
= (A + 25, cos 2nu + 55 cos 2n(u + v)) sin 27nu

+ (B + s5sin 27(u + v)) cos 2mu.
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Again, from (5.4) we conclude that A>0 and A+ 2s,cos2nu+
sscos 2m(u+v)>0 in K for all, u,ve 4. Let us assume that we can find
o, B, u, and v with

ﬂl%}—) <0 and 5};(—:2—0—) <0.
Then (5.7) gives
B(a, ) <0, (5.9)
while (5.8) yields
B(a, f) + ss(a, B) sin 2n(u+ v) = 0. (5.10)

Since the term s sin 27(# + v) is nonpositive for all parameters, both (5.9)
and (5.10) can hold only if

B(a, $)=0 and sin 2n(u+v)=0.

But then we have

1
(27T)’1M=—Acos2nu<0 iff u=-,
du 4
2
(2m)~? 6_!;_(1‘112,_0): (A + 25, cos 27w + 55 cos 2m(u + v)) sin 27y

1
<0 iff u=r-,
1 U 3

hence a contradiction to our assumption. ||
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